We present the first calculation on the ∆ axial-vector and pseudoscalar form factors using lattice QCD. Two Goldberger-Treiman relations are derived and examined. A combined chiral fit is performed to the nucleon axial charge, N to ∆ axial transition coupling constant and ∆ axial charge.
Introduction. Numerical solution of Quantum Chromodynamics (QCD), the underlying theory of the strong interactions, has proved a very successful approach in providing a theoretical understanding of baryon structure. During the last few years, simulations of the discretized theory known as lattice QCD have included dynamical quarks with near to physical mass values [1] . A success of these recent simulations is the calculation of the low-lying hadron spectrum [2] [3] [4] showing agreement with the experimental values. The lattice set-up can also be applied to compute quantities that are not known experimentally. In this work we report the first calculation of the ∆ axial-vector and pseudoscalar form factors (FFs).
Understanding the structure of the ∆ resonance has great relevance to nuclear phenomenology. The ∆ is a rather broad resonance close to the πN threshold. It therefore couples strongly to nucleons and pions making it an important ingredient in chiral expansions [5] [6] [7] [8] . The ∆ baryon resists experimental probing due to its short lifetime (∼ 10 −23 s) [9, 10] . Its axial charge and π-∆ coupling constants that are needed as input in chiral Lagrangians are difficult to measure. Baryon chiral expansion calculations that include the ∆ explicitly follow one of two strategies as far as the determination of these parameters is concerned. The first is to relegate the axial charge to one of many fit parameters, and fit using lattice [5, 11] , experimental [8] , or partial-wave calculation data [7] . The second is to use estimates based on phenomenology such as the relation between the nucleon axial charge g A that is well measured and the ∆ axial charge, which can be derived from the large-N c limit [12] or SU (4) symmetry [13] . The Goldberger-Treiman relation is then used to get the effective π∆∆ coupling.
Quite recently, groups have calculated ∆ axial charge through QCD sum rules [14] and χPT [15] , and both have noted the lack of an explicit lattice calculation of this quantity. First-principles lattice QCD calculations can probe the structure of the ∆ and indeed recent studies have produced calculations of the πN ∆ coupling [16, 17] and the electromagnetic form-factors of the ∆ [18] . Using our lattice QCD formulation, we are then well-positioned to calculate the axial charge of the and the effective pion-∆ coupling, G π∆∆ , as well as examine the GoldbergerTreiman relations as a way to relate the ∆ axial charge to G π∆∆ .
In this letter we present the first lattice calculation of the axial-vector and pseudoscalar form factors of the ∆ baryon. At non-zero momentum transfer q 2 , we find a second pseudoscalar form-factor, yielding a second effective coupling constant, H π∆∆ . These calculations lead to two Goldberger-Treiman relations, which are indeed satisfied by the lattice results.
Axial-vector and Pseudoscalar Matrix Element. We consider the matrix element of a current X between ∆
where u σ denotes the Rarita-Schwinger vector-spinor (σ, τ are Lorentz indices), and p i and p f are the initial and final momenta of the ∆. For the axial-vector current A a µ (x) = ψ(x)γ µ γ 5 τ a 2 ψ(x) the matrix element can be written in terms of four Lorentz-invariant FFs, labeled g 1 , g 3 , h 1 and h 3 :
where q = p f − p i is the momentum transfer. For the pseudoscalar current P a (x) = ψ(x)γ 5 τ a 2 ψ(x), the matrix element can be written in terms of two FFs, to be defined below in relation to the Goldberger-Treiman relations. Lattice Evaluation. Axial form factors on the lattice are extracted in a standard way from the three-point function
whereχ ∆ is an interpolating operator creating a state with the quantum numbers of the ∆ + [18] and Γ ρ is a set of projectors, given by Γ 4 = 1 4 (1 + γ 4 ) and Γ k = iΓ 4 γ 5 γ k . A similar three-point function with A 3 µ → P 3 is required for the extraction of the pseudoscalar FFs. Technically these are evaluated via the sequential inversion through the sink [18] at fixed sink time-slice t f , while the A 3 µ and P 3 operator insertion is supplied at all intermediate t-slices (0 ≤ t ≤ t f ) and Fourier-transformed for all momenta q at a small extra CPU cost.
The kinematics are fixed to a static ∆ sink (
we construct the optimal ratio of three-point to two-point functions
where
is the ∆ propagator of momentum p. This ratio eliminates unknown field renormalization constants and leading time dependences and tends to a constant at large Euclidean time separations t f − t and t. A careful optimization in the space of the source-sink Lorentz indices σ, τ, ρ is required and only two linear combinations of sequential sources suffice to provide all four axial and two pseudoscalar FFs.
Smearing techniques are implemented resulting in satisfactory suppression of excited state effects allowing the source-sink distance to be fixed at about 1 fm [18] . Lattice computations of the matrix elements of the axialvector and pseudoscalar currents for all transition momenta vectors q contributing to a given value of
2 are simultaneously analyzed and the overconstrained system determines the form factors through a global χ 2 minimization. We note that O(500) lattice measurements are involved in the extraction of the form factors for Q 2 -values up to ∼ 2 GeV 2 . The parameters of the lattice ensembles used in this calculation are given in the FFs with small statistical errors. In addition, we obtained the FFs using dynamical domain-wall valence quarks matched to staggered sea fermions [19] . For the computation of the ∆ axial charge we also use N f = 2+1 domain wall fermions [20] corresponding to a pion mass of about 300 MeV in order to perform the chiral extrapolation. In all cases the u and d quarks are degenerate whereas the mass of the strange quark in the dynamical simulations is set to its physical mass. For the pion masses of these simulations the ∆ is stable.
Lattice results on the ∆ axial form factors: In Fig. 1 we show the four axial ∆ form-factors, g 1 , g 3 , h 1 and h 3 , as a function of the momentum transfer Q 2 . As can be seen, results obtained with the mixed action are in agreement with quenched results for g 1 and g 3 . A similar conclusion holds for h 1 and h 3 albeit with much larger statistical errors in the case of the mixed action approach that we therefore omit from the plots for clarity. The value of the matrix element at Q 2 = 0 is connected to the axial charge defined by ∆ ++ |A [15] . At q 2 = 0 this is G ∆∆ = −3g 1 (0).
Pseudoscalar FFs and the Goldberger-Treiman Relations.
The ∆ axial charge enters in baryon χPT expressions of many important quantities such as the axial charge of the nucleon. Many phenomenological results rely on this value, which is usually treated as a fit parameter to be determined from fits to experimental or lattice data. It can be related to the π∆∆ coupling via the Goldberger-Treiman relation. In Ref. [21] symmetry arguments in a quartet scheme where N * + , N * − , ∆ + and ∆ − form a chiral multiplet, lead to the conclusion that π∆ ± ∆ ± couplings (with like-charged ∆s) are forbidden at tree-level. Quark-model arguments [13] suggest that the G π∆∆ = (4/5)G πN N . Clearly a non-perturbative calculation within lattice QCD of this coupling, as presented in this work, provides valuable input to phenomenology. Partial Conservation of the Axial Current (PCAC) when applied to the hadronic world leads to valuable phenomenological predictions such as the GoldbergerTreiman (GT) relation, originally derived for the nucleon state. Similarly, a non-diagonal GT relation, applicable to the axial N −∆ transition is formulated and relates the axial N − ∆ coupling c A to the πN ∆ effective coupling. PCAC on the hadron level reads:
In the SU(2) symmetric limit of QCD with m q denoting the up/down mass, the pseudo-scalar density is related to the divergence of the axial-vector current through the axial Ward-Takahashi identity (AWI) ∂ µ A a µ = 2m q P a . Taking matrix elements of the LHS of the AWI identity in ∆ states we can define two Lorentz-invariant π∆∆ form factors, G π∆∆ (q 2 ) and H π∆∆ (q 2 ) factoring out the pion pole as dictated by PCAC
Matrix elements of the AWI identity, ∆|∂ µ A µ |∆ = 2m q ∆|P |∆ now lead to a matrix equation, satisfied at finite q 2 ,
We display the pseudoscalar FFs in Fig. 2 . The results using dynamical quark simulations have increased statistical errors and are consistent with the quenched results. The quark mass m q , extracted from the axial Ward-Takahashi identity, and f π , calculated from the pion-to-vacuum amplitude, are taken from Ref. [16] . Assuming pion pole dominance, which is consistent with our lattice results, that indeed g 3 and h 1 are of the same order and diverge with the pion pole while h 3 diverges with (pion pole) 2 , we obtain a pair of GT-type relations, valid at finite q 2 ,
The validity of the GT relations is examined by evaluating the ratios
as shown in Fig. 3 . For the former ratio for which statistical errors are smaller the behavior is similar to the one obtained for the pseudoscalar nucleon and N − ∆ couplings G πN N and G πN ∆ [16] for the same ensembles, namely for Q 2 > ∼ 0.8GeV 2 the lattice data show agreement with unity. We expect that the behavior at low Q 2 will be affected by pion cloud effects as the mass of the pion decreases towards the physical point.
∆ axial charge and combined chiral fits. Having, for the first time, a set of lattice results for the axial nucleon charge [22] , the axial N − ∆ transition coupling, C 5 [17] and the ∆ axial charge, allows us to perform a combined fit to all three quantities using heavy baryon χPT in the small scale expansion [15, 23, 24] . The combined fit has seven free parameters, namely the values of the three axial coupling constants of the nucleon, the N − ∆ and the ∆, three parameters related to the m 2 π -terms in the chiral expansions of g A , C 5 and G ∆∆ and a constant entering the chiral expression of C 5 [24] . As can be seen in Fig. 4 , lattice data for all three observables are approximately constant within the mass range considered.The best fits are shown by the bands that take into account the statistical errors of the lattice results. As have been observed in all recent lattice studies, the physical value of g A is underestimated and this combined fit does not provide a possible resolution to this puzzle. Having lattice results at pion masses below 300 MeV will be essential to check the validity of these chiral expansions.
Conclusions. We have presented the first calculation of the axial-vector and pseudoscalar form factors of the ∆ using lattice QCD. From the most general decomposition of the axial-vector and pseudoscalar vertex we derived two Goldberger-Treiman relations whose validity is satisfied at the same level of accuracy as that found for the nucleon case [16] . At zero momentum transfer the ∆ matrix element yields the phenomenologically important ∆ axial charge, which in this work is obtained for pion masses in the range of about 300 MeV to 500 MeV. As in the case of the nucleon axial charge, it shows a weak dependence on the pion mass in this mass range. Using lattice results for the axial nucleon charge, the axial N to ∆ transition coupling and the ∆ axial charge we performed, for the first time, a combined fit to all three quantities that provides a reasonable description to the lattice results. However, these state-of-the-art lattice results and chiral perturbation calculations, yield a value for the nucleon axial charge lower than its experimental value. Such discrepancies between lattice and experimental results are seen in several key hadronic observables [25] calling for high accuracy lattice calculations with pion mass below 300 MeV in order to to gain insight in the chiral behavior of these fundamental quantities.
